Introduction {#Sec1}
============

We study the following three problems:

Note that in the first two problems the edges have no costs, since the objective is to minimize the maximum degree. The third problem is more general and has both costs and degree bounds.

In the *The Eighth Workshop on Flexible Network Design, Amsterdam, 2016*, Hajiaghayi posed the following open problem:

*Can we obtain a polylogarithmic approximation ratio (in polynomial time) for the* [Bounded Degrees Min-Cost]{.smallcaps} [Group Steiner Tree]{.smallcaps} *problem?*

In \[[@CR12]\] is given a *quasi-polynomial time* bi-criteria $\documentclass[12pt]{minimal}
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                \begin{document}$$(O(\log ^4 n), O(\log ^2 n))$$\end{document}$-approximation algorithm for the [Bounded Degrees Min-Cost Directed Steiner Tree]{.smallcaps} problem.[1](#Fn1){ref-type="fn"} Hence the same holds for the group Steiner problems studied here. Our paper is motivated by the need to provide approximation algorithms that run in *polynomial time*, which is a standard definition of approximation. Our results are summarized in the following three theorems.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$v \in V$$\end{document}$.

This result generalizes the one of Garg, Konjevod, and Ravi \[[@CR10]\] that gave the same expected ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^2 n)$$\end{document}$ for the cost, but did not consider degree bounds. We note that a bicriteria $\documentclass[12pt]{minimal}
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                \begin{document}$$(O(\log ^2 n),O(\log ^3 n))$$\end{document}$ approximation is known to some researchers, but getting ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^2 n)$$\end{document}$ for the degrees requires some care.

Theorem 2 {#FPar2}
---------

If [Min-Degree]{.smallcaps} [Group Steiner Tree]{.smallcaps} admits approximation ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \cdot O( \log k)$$\end{document}$. Thus (by \[[@CR12]\]) [Min-Degree]{.smallcaps} [Steiner]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^3 n)$$\end{document}$-approximation algorithm that runs in quasi polynomial time.

Theorem 3 {#FPar3}
---------

[Min-Degree]{.smallcaps} [Group Steiner Tree]{.smallcaps} on bounded treewidth input graphs admits approximation ratio $\documentclass[12pt]{minimal}
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Remark: {#FPar4}
-------

[Min-Degree]{.smallcaps} [Steiner]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$-[Tree]{.smallcaps} on bounded treewidth graphs admits an exact polynomial time algorithm using dynamic programming (folklore), but is NP-hard even on planar graphs (by a reduction from [Hamiltonian Path]{.smallcaps}). However, [Min-Degree]{.smallcaps} [Group Steiner Tree]{.smallcaps} (without costs) is [Set-Cover]{.smallcaps} hard even on stars, and thus is $\documentclass[12pt]{minimal}
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We mention some work on min-costs versions. The best ratio known for [Min-Cost]{.smallcaps} [Group Steiner Tree]{.smallcaps} on tree inputs is $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^{2+\epsilon } n)$$\end{document}$ see \[[@CR4]\]. This ratio for tree inputs is essentially tight due to the approximation threshold $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (\log ^{2-\epsilon }n)$$\end{document}$ of \[[@CR14]\]. In the case of general graph inputs, the graph is embedded into a tree distribution with stretch $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log n)$$\end{document}$ \[[@CR8], [@CR10]\], which gives ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^3 n)$$\end{document}$. The *k*-MST problem admits ratio 2 \[[@CR9]\], and this immediately implies ratio 4 for [Min-Cost]{.smallcaps} *k*-[Steiner Tree]{.smallcaps}.

Why the degree bounded versions of these problem are hard to approximate? For many classic problems (without degree bounds), good ratios are achieved using the Iterative Rounding Method, see \[[@CR16], [@CR18]\]. This often allows to achieve good bicriteria ratios for the degree bounded versions. However, for many other problems, including the problems we consider, the existing approximation algorithms rely on different methods; e.g., in \[[@CR18]\] it is mentioned that the Iterative Rounding Method seems to fail for problems when we need to connect only a specific number of terminals, as in the *k*-[Steiner Tree]{.smallcaps} problem. Another example is the [Min-Cost Directed Steiner Tree]{.smallcaps} problem -- the first step in all known approximation algorithms for this problem \[[@CR3], [@CR11], [@CR17]\] is the height reduction of Zelikovsky \[[@CR25]\], see also \[[@CR15]\]. This gives unbounded degrees, as it works on the transitive closure of the graph. There is also a difficulty in dealing with the [Min-Degree Group Steiner Tree]{.smallcaps} problem, because the known algorithms \[[@CR4], [@CR10]\] for the min-cost case first reduce the graph to a random tree \[[@CR1], [@CR8]\]. However, this increases the degrees, which means that this technique can not be used.

A logical step is to consider the easiest problems that are open. [Bounded Degrees Min-Cost]{.smallcaps} [Group Steiner Tree]{.smallcaps} on bounded treewidth graphs is one of such problems. However even for this relatively simple problem no polylogarithmic ratio is known, see \[[@CR12]\]. The [Min-Cost]{.smallcaps} [Group Steiner Tree]{.smallcaps} problem (without degree bounds) on bounded treewidth graph admits ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^2 n)$$\end{document}$ \[[@CR2]\]. The min-degree case, which is the [Min-Degree]{.smallcaps} [Group Steiner Tree]{.smallcaps} problem on bounded treewidth graphs (namely, bounding the degrees with no costs), remained open until our paper.

In the rest of the introduction we discuss some additional motivations for studying min-degree problem without edge costs.

**VLSI Network Design:** The [Min-Cost]{.smallcaps} [Group Steiner Tree]{.smallcaps} problem was motivated by VLSI design. The goal is to connect a set of terminals to a designated root *r* by a min-cost tree, where each terminal has a set of multiple ports it can be placed at (ports of two different terminals may intersect). The set of different ports in which a terminal may be placed at, defines a group. The different possible location may be due to rotating, or mirroring, or both. While low cost is highly desirable, the cost is payed once, and later the VLSI circuit is applied constantly. In many cases low degrees allow faster computations. In \[[@CR24]\], a natural VLSI problem is reduced to iteratively solving instances of the [Min-Degree]{.smallcaps} [Steiner]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$-[Tree]{.smallcaps} problem. This makes the latency of the VLSI computation low. Low degrees are also important for efficient layout of the VLSI circuit \[[@CR22]\]. In the [Multicommodity Facility Location Under Group Steiner Access]{.smallcaps} problem \[[@CR20]\], each facility belongs to a group Steiner tree. Short service times requires that such trees have low degrees.

**The** *k*-**Multicast Problem in the Telephone Model:** One of our main motivations for studying the [Min-Degree]{.smallcaps} [Steiner]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$-[Tree]{.smallcaps} problem is the [Telephone]{.smallcaps} *k*-[Multicast]{.smallcaps} problem \[[@CR23]\]. In this problem we are given an undirected graph, a node *r*, and a target *k* of terminals. We want to send a message from the root *r*, to at least *k* terminals, under the telephone model. In this model, the nodes that know the message can call at most one neighbor in a round, and send the message to this neighbor. This means that a round is a matching between nodes which know the message to nodes which do not. Note that every broadcasting scheme results in a directed tree in which the parent of a node *u*, is the node *v*, which sent *u* the message. The maximum degree in this multicast tree is a lower bound on the optimum, because at every round we can send the message to at most one child. Hence we need trees with *k* terminals and low maximum degree. Also note that the [Min-Degree]{.smallcaps} [Steiner]{.smallcaps} $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$-[Tree]{.smallcaps} problem is the minimum degree (without cost) variant of two important and well studied problems: the *k*-[MST]{.smallcaps} and the *k*-[Steiner Tree]{.smallcaps} problems. Since these two problems are considered important, so are their minimum degree versions.

**On-Line Degree Bounded Problems:** Recently, [Min-Cost/Degree]{.smallcaps} [Group Steiner Tree]{.smallcaps} problems has been studied in the online setting \[[@CR5]--[@CR7]\]. Dehghani et al. \[[@CR6]\] showed that it is not possible to approximate both cost and degrees in the on-line model, even when the input graph is a star. Namely, there exists an input demand sequence that forces any algorithm to pay a factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (n)$$\end{document}$ for the cost or the degree violation. However the above papers are able to give polylogarithmic competitive ratios if there are only degree bounds but no costs, similarly to the problems we consider.

Degrees Bounded Min-Cost Group Steiner Tree Problem on Tree Inputs (Theorem [1](#FPar1){ref-type="sec"}) {#Sec2}
========================================================================================================

We will assume that we know a node *r* that belongs to some optimal solution. We root the input tree *T* at *r*. For a group *S* let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}_S=\{A \subseteq V: r \notin A, S \subseteq A\}$$\end{document}$ be the family of cuts that separate the group *S* from *r*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{A}=\cup _{S \in \mathcal{S}} \mathcal{A}_S$$\end{document}$ be the family of all cuts that separate *r* from some group. The edges with exactly one endpoint in a set *A* are denoted by $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar5}
---------

**(**\[[@CR10]\]**).** The probability that a specific group is connected the root by the above random process is $\documentclass[12pt]{minimal}
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Thus the expected number of iterations required to connect all groups to the root is $\documentclass[12pt]{minimal}
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We use the same rounding as \[[@CR10]\]. Since we need to bound the degrees of *n* nodes, we will require $\documentclass[12pt]{minimal}
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Corollary 1 {#FPar6}
-----------
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The rounding process of \[[@CR10]\] gives expected degree $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\log ^2 n)$$\end{document}$ *independent* Bernoulli sums, that contains all neighbors of *v* in every round. This random variable may be *strictly* larger than the "real" degree. A child *u* can contribute more than 1 to the degree. However our random process gives a sum of independent Bernoulli variable which makes the analysis simpler. For a node *v*, we have a sum of $\documentclass[12pt]{minimal}
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We got that with probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-1/n^2$$\end{document}$, for a given *v*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg (v)=O(\log ^2 n)\cdot b_v$$\end{document}$. By the union bound with probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-1/n$$\end{document}$ for every *v*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\deg (v)=O(\log ^2 n)\cdot b_v$$\end{document}$.

A Relation Between Min-Degree Steiner *k*-Tree and Min-Degree Group Steiner Tree (Theorem [2](#FPar2){ref-type="sec"}) {#Sec3}
======================================================================================================================
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Definition 1 {#FPar13}
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If we think of a bin as a group, since each group contains a true terminal, the optimum solution *F* (restricted to the true terminals) is a solution for the Group Steiner instance, with maximum degree $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar16}
-----------
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The high level idea of the algorithm is as follows. We show a new method to reduce the graph into a tree with a loss of an $\documentclass[12pt]{minimal}
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We do not use the formal definition of a treewidth of a graph, but we use the fact that a bounded treewidth graph has a small balanced separator. A subset *S* of nodes in a graph *G* with *n* nodes is an (or just a **balanced separator**, if $\documentclass[12pt]{minimal}
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-------
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